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Lecture 11: Steps, Tunneling, Wells

1. Physics 13 &#8211; Steps and barriers

Physics 13 — Steps and barriers

Consider stationary plane waves ~exp(ikx)
+ Step potential: U(x)=0 for x<0

=U, for x>0
U, : ;
impulsive force -Ug /Ax
ey W J
| Time mdependent
o B W(x)+ U(x)yAx) = Ey(x)  1-dim Schrodinger
equation
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2. Lecture 11: Steps, Tunneling, Wells: Slide 2

Barrier penetration

29 2 f
FOI’X{B—)%—:E or k]:#ZTE and wmeihx

kS
Eutfnrx:»ﬂ—}Tmz—:E—Uu 2 cases

o ,me(E =l

i . for E>U, and y xe™

iJ2m(U, - E)
h

or k, = forE<U, and woce ™V

Note the exponential falloff for 2nd case
Meed reflected waves to match at x=0
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Barrier wave functions

Barrier wave functions

So for E> U, at x <0 canwrite y(x)= Ae™" +Be ™
atc >0 have y(x)=Ce™ forward moving

Matching yf) and dyrdx|, relates A, Bto C
B/A = (k -k )k, tk)) and A=C (k,+k,)/2k,
Reflection probability 18 (B/A ) =R and
Transmission coefficient is T=1-R

For E<U, at x<0 canwrite w(x)=Ae™ + Be™"
butat x>0 have y(x)=Ce ™" forward decaying
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Barrier waves in time

Barrier waves in time

Multiplyyr by e which tums each term into
travelling plane wave, A and C parts to the right,
B to the left - retlected

For decaying case partial penetration mto barrier
as allowed by uncertamty in Ax Ap,

Quantum Scattermg demo of traveling waves & barriers
or wells
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Barrier wave function graph

Barrier wave function graph

Example: U,=3E/4 so k,=k,2 or A,=24,;

red at t=0, green at ot=n/4

3
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Barrier penetration graph

Barrier penetration graph

E<U, so get particle under barrier

[
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7. Finite barriers

Finite barriers

Uix)=0 forx=0 and x>a
=1, for O<x<a
impulsive force -Uy/Ax and +U/Ax

For E<U, at x<0and x> a can write y(x)=Ae*™"
but for 0 <x <a have w(x)=Ce

where a= sz{u[’_ &)

h
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8. Tunneling

Tunneling

Join solutions at x=0 and a (complicated)
For awa=>1 have simpler transmission

T= exp(-2 va) rapid falloff

Tunneling through a barrier example:
a~decay of nuclei
Scanning-tunneling electron microscope

Josephson junction
Cold fusion??
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Expectation values

Expectation values

Side 1ssue:
Recall that average of x° for the square well was
given by

{ [ ﬂn:mf.c}}
g I
L

‘\i'-:-u' ‘!r] 1 “'l
)J'dS{SsmS} o g

This was the expectation value of x° for the
n'h energy state in the well.
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10. General expectation values

General expectation values

* Consider system having some potential U{(x)

* There will be a set of stationary solutions to
the Schrédinger equation- wave functions
y(x) (or states) - corresponding to £, 's

» For properly normalized /,(x), the
expectation value of a function f{x) in state n

+

(@), = | reolw,of ax

=@
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11. Finite well

Finite well

Ux)= U, for x<0 and x>a
=0 for O<x<a

impulsive force +1,/Ax and -Uy/Ax
at x=0 and a
With E < U, the particle is trapped
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12. Finite well equations

Finite well equations

Recall the time independent 1-dimensional
Schrédinger equation

stationary states: W(x,#)= y(x)e '™ with E = ho

" od : :
i _EFMI} +U(x)y(x)= Ew(x) ordimnary diff.eq.

Boundary conditions for physical solution:

dx‘"’) is also for U(x) finite.

w(x) 1s continuous and
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13. Finite well solutions

Finite well solutions

d ~2mE

EQ}(I)Z 2 w(x) for D<x<a
'k ,

and E = om B correct energy with

general solution of form yw(x)= Asin(kx) + B cos(kx)

But outside of well the wave function 1s not zero

LMr):WMx} for x<0 andx>a

Note the sign - so y1x) ~e*™ for x<0or x>a
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14. Finite well solutions cont&#8217:;d

Finite well solutions cont'd

For ygx) ~e™@*

Have to satisfy continuity of y1x) and d ) /dx
at x=0 and x=a

Only certam discrete values of k or E will work

Depends on U, and a

Quantized energies -- a property of bound systems
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