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1. Physics 13: Schr&#246;dinger Equation Interpretation

Physics 13: Schrédinger Equation
Interpretation
ﬁ

-5 5 P D) U)W, —ik%@(x, £

‘P(x,t) is complex and / appears on right

2nd order linear differential equation in 2(4)
variables

U(x) is potential function (e.g. mgx, -kg€%/x,
(1/2)ke)

Simple example: free particle plane wave

.
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2. Plane wave in Schr&#246;dinger Equation

Plane wave in Schrédinger Equation
P(x,f)= A lot A bo real
Re("Y(x,0) = Acos(kx — ot)
Im(*P(x,1)) = Asin(kx — o)

ﬁg[em-a;]: hm[e":b'”]]

B o ,
i =23 N ik —ox)
[E ]— ik [3 ] Works as it
ox hould
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Stationary solutions

Stationary solutions
When U(x.t) 1s independent of time (U(x,t)=U(x)):

stationary states: W(x,1)= yp(x)e”'® with £ = hw
wod : ;
o G w(x)+U(x)w(x)= Ew(x) ordinary diff eq.
Boundary conditions for physical solution:

dy(x)
dx

w(x) 18 continuous and 18 also for U(x) finite.

Note that the tume dependent exponential was factored out
leaving space variable dependence.
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Particle in 1-dimensional box or square well

Particle in 1-dimensional box
or Square Well

U(K) o e Uix)=0 O=x<],
=+ x<0 orx>L
Can not have particle outside
---------------------- x box, so yrx)=0 for x<0 or x>L
0 L
Continuity requires y10)=0, yylL)=0
nod

B B w(x)= Ep(x) Mathematically equivalent to
equation for standing waves
on string of fixed o - a mode
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Square well solutions

Square well solutions

d’ —2mE
—yx)= — x
2 w(x) a2 wi(x)
] —2ml
Solutions of form e with —k°= T
2y 2
k :
or £ = agamn.

General solution of form w(x)= Asin(kx)+ Beos(kx)
Boundary conditions require g{x)= Asm(kx) with
p(l.)=0=Azin(k.) Sokl=nx for any integern
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6. Square well solutions cont'd

Square well solutions - 2

Then y,(x)= A, sin(k x)= A, sin(%}

£t BB B R i e bt end
A, L n
kEJrZHZ ; 2 : .
gt Ik g n°E, quantized energy
W
with E, = = the minimum energy as allowed by Heisenberg
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Probability - normalization

Probability - normalization

[ dxly, () = j A’ st{%) ~1 normalization

E(L ‘1 7( ;A \l| nix
d9sin” 9= ——
l‘a na) ;[ i 4, \nx) 2
_ 425 A 3
4, L
2 na
w,(x)= 7 sin( T) modes of the well (string)
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Particle states in the square well
Particle states in the square well

- I : x For probability in
o . c finite interval (x,x,)

T ddy, ()|

2 3/ N\
E~E,
x
] L
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9. Where is the particle?

Where is the particle?

( 2nme)
1—¢o
of e = Zsin® (2 i o SEL Lok

Greatest probability to be where density 1s maximum:

center or x=L/2 for n=1; at x=L/4 and 3L/4 for n=2;
at x=1./6, L./2,51./6 for n=3; etc.

But also places with 0 probability for each n.
Probability “clouds™ within box.
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10. Implications of square well solutions

Implications of square well solutions

* Particle is not anywhere in particular - it is
distributed - cloud

* Large n approaches uniform distribution

ML <~

Bohr’s Correspondence principle
QM ---= Classical as n --> o
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11. Average position in square well

Average position in square well

i)

Always have {x}, =

b | B

but {x’) willdependon n

and r.m.s. deviation 1; KII)M —{x}n1| varies with n.

L
Foay ( zg gz 3 Expectation value
{x ;n—_[dxkx Zsin’ (nx /L),
B S _ (1 1Y
==— |d9{(9sing) =L' - ———
lemr)f -!l ( )Z l'-.3 Enw";‘
50 MW:L.JE— 121—12 it !j
3 2nm 4 12 2n'm*
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12. Average momentum in well

Average momentum in well

By symmetry p =<p>=0 forall n.

Somms valueis Ap, = <p‘»

R ok
- 2 = e
AP 1 J MO ML’ 2L

nh

Joint uncertainty Ap Ax, =

2

)

but p° = 2mE
1t .3
12 2r'x® " 2

forn=1 get ApAx,= 0.0904h

andn>>1 gives ﬂ
Y

n

(=0.0796k)

which grows with n
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13. 2-dimensional well LxL

2-dimensional well LxL

2 2 2
- :Tn[% 2 ay—z] wix.y) + Ulx.y)p(xy)= Ep(x.y)
For square box with U= o forx <0 andx>L
angd <0 andy> L
and/=0 forO<x<L and O<y<L
can factorize w(xy)= f(X)g()
so w(x, )= A sin(n m /L)sin(nay /L) withA'=2/L

K’ B og
Hence E,_, = 2(n,r +n, )
2 quantum numbers note degeneracy, e.g. E, ,=E,,
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14. Square wells - some conclusions

Square wells - some conclusions

* 3-dim --> 3 g.nos and more degeneracies
« E is not continuous for these "bound” systems

« Single particle “interferes” with itself to get
stationary modes

* Real particle “traps” and quantum computers

* Charged particle transitions from E_; to E
will be accompanied by hv=E_;- E,

« Exemplar of bound particles
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Other potentials: Simple Harmonic Oscillator (SHO)

15.
Other potentials:
Simple Harmonic Oscillator (SHO)
SHO 1 dim. Force= —kx and Potenhal UV{x)= ka
Lowest energy state y/(x)=Ae ar (Gaussian form)
d
Cher.:k-:; w, (x) = 2axy (x)
E 2
foj !.'If Fd
\ N { E w,(x)= 2ay,(x)+4a x"w,(x)
III";I sl f ¥
I‘"\, y s F .-
A 1 ) Vo
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16. SHO (continued)

SHO (continued)

Substitute back into the stationary Schr 3inger equation:

Wa 2a'h’

;Wn(-")— -"i'n"u(-"}"‘ éhjwﬂ[x}=3,:,%{x}

Vkm

x’ terms must cancel so a:a

Then E, = % ?ki" =%+ hay, where o, is the classical frequency!

In general the solutions occur for £, = (n+ L)ha,

These are equally spaced energies.
Note that |y (x)|* 15 non-zero beyond classical turning pomnts

(where Ufx)=E, and classical particle can not exist)
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17. Steps and barriers

Steps and barriers

Consider stationary plane waves ~exp(ikx)
+ Step potential: U(x)=0 for x<0
=U, for x>0
impulsive force -Uy/Ax
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